Hamilton relativity group for noninertial states in quantum mechanics by Low, Stephen G.
ar
X
iv
:0
71
0.
35
99
v2
  [
ma
th-
ph
]  
28
 Ja
n 2
00
8
HAMILTON RELATIVITY GROUP FOR NONINERTIAL STATES
IN QUANTUM MECHANICS
STEPHEN G. LOW
Abstrat. Physial states in quantum mehanis are rays in a Hilbert spae.
Projetive representations of a relativity group transform between the quantum
physial states that are in the admissible lass. The physial observables of
position, time, energy and momentum are the Hermitian representation of
the generators of the algebra of the Weyl-Heisenberg group. We show that
there is a onsisteny ondition that requires the relativity group to be a
subgroup of the group of automorphisms of the Weyl-Heisenberg algebra. This,
together with the requirement of the invariane of lassial time, results in
the inhomogeneous Hamilton group. The Hamilton group is the relativity
group for noninertial frames in lassial Hamilton's mehanis. The projetive
representation of a group is equivalent to unitary representations of the entral
extension of the group. The entral extension of the inhomogeneous Hamilton
group and its orresponding Casimir invariants are omputed. One of the
Casimir invariants is a generalized spin that is invariant for noninertial states.
It is the familiar inertial Galilean spin with additional terms that may be
ompared to noninertial experimental results.
1. Introdution
A relativity group denes a universal transformation between physial states
in an admissible lass. For speial relativity, the inhomogeneous Lorentz group
transforms inertial states that have relative rotation, veloity and translations in
position and time into one another. It speies how the measuring rods, loks,
momentum meters and energy meters of these states are related. For small ve-
loities, the Lorentz group is approximated by the Eulidean group of Galilean
relativity. In the quantum formulation, the physial states are realized as rays in
a Hilbert spae and the group ats through a projetive representation. This is
equivalent to the unitary representation of the entral extension, both algebrai
and topologial, of the relativity group. The Poinaré group, that is the entral
extension of the inhomogeneous Lorentz group, is simply its over as it does not
have an algebrai extension [1℄. The Galilei group is the entral extension of the
inhomogeneous Eulidean group that has a entral mass generator as an algebrai
extension.
We review projetive representations on physial states that are rays in a Hilbert
spae and then show that this property of quantum mehanis leads diretly to a
onsisteny ondition that relativity groups must be subgroups of the group of au-
tomorphisms of the Weyl-Heisenberg algebra. The Hamilton group is the subgroup
of this group of automorphisms that leaves time invariant. In a previous paper it
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was shown that the Hamilton group is the relativity group for noninertial frames in
lassial Hamilton's mehanis [2℄. The projetive representations of the inhomoge-
neous Hamilton group must be determined for its ation on a quantum noninertial
state. We will show that the entral extension of the Hamilton group admits three
entral generators; I for the position-momentum and time-energy quantum om-
mutation relations, M as the mass generator and a new entral element A with
dimensions that are the reiproal of tension. The Galilei group is the subgroup
of this group for inertial states and the mass generator is the same. The Casimir
invariants are alulated and this leads to a generalized denition of Galilei spin
invariant for noninertial physial states.
2. Projetive representations of groups in quantum mehanis
Physial states are represented in quantum mehanis by rays Ψ in a Hilbert
spae H Rays are equivalene lasses of states |ψ〉 ∈ H that dier only in phase
[3℄,[4℄. Two states |ψ〉, |ψ˜〉 are in the same equivalene lass Ψ if
˜|ψ 〉 = eiω |ψ
〉
, ω ∈ R. (1)
A symmetry of the physial system, desribed by a Lie group G with elements
g, ats on the rays through a projetive representation π to transform one physial
state into another.
Ψ˜ = π(g)Ψ. (2)
The projetive representation has the property π(g)π(g˜) = eiω(g,g˜)π(gg˜), ω(g, g˜) ∈
R. As the rays are equivalene lasses, Ψ ≃ eiω(g,g˜)Ψ for any ω(g, g˜) ∈ R and there-
fore
π(g)π(g˜)Ψ = π(gg˜)Ψ. (3)
A lass of observables is dened by lifting the projetive representation to at
on elements X of the Lie algebra a(G) so that π′(X) = (Teπ)(X) is an operator on
H. An observable
ˆ˜X ating on the state Ψ˜ is related to the observable Xˆ ating
on the state Ψ by the projetive representation of g
π(g)XˆΨ = π(g)Xˆπ(g)−1π(g)Ψ = π(g)Xˆπ(g)−1Ψ˜ = π′(X˜)Ψ˜ = ˆ˜XΨ˜. (4)
Therefore
π′(X˜) = π(g)π′(X)π(g)−1 = π′(gXg−1) (5)
for whih a suient ondition is
1
X˜ = gXg−1. (6)
Finally, we note that if an operator X is an invariant suh that ˆ˜X = Xˆ, then
X = gXg−1. (7)
A theorem in representation theory states that the projetive representations π
of a Lie group G are equivalent to the unitary or anti-unitary2 representation ̺ of
1
If the representation is an isomorphism, then it is also neessary. Otherwise, equivalene is
dened up to the equivalene lass dened by taking the quotient of the group with the kernel of
the representation.
2
In what follows we will use only unitary with anti-unitary impliitly inluded
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the entral extension Gˇ.3 (See Setion 2.7 and Appendix B of [1℄.) Therefore, the
physial system may be studied by haraterizing the unitary irreduible represen-
tations ̺ of the group Gˇ ating on a Hilbert spae H̺. The Hilbert spae is labeled
by the unitary irreduible representation beause it is not given a priori, but rather
is determined by the unitary representation.
The unitary representations at on the states |ψ〉 in the Hilbert spae H̺
˜|ψ 〉 = ̺(g) |ψ〉 , g ∈ Gˇ. (8)
The unitary representation ̺ may be lifted to the tangent spae to dene the
Hermitian representation Xˆ of the element of the algebra X
Xˆ = ̺′(X) = Te̺
′(X). (9)
Physial observables are haraterized by the eigenvalues of the Hermitian rep-
resentation of the generators
Xˆ |ψ
〉
= x |ψ
〉
, x ∈ R, (10)
and these generators transform as
̺(g)Xˆ |ψ〉 = ̺(g)Xˆ̺(g)
−1 ˜|ψ 〉 = ˆ˜X ˜|ψ 〉. (11)
3. Quantum mehanis onsisteny ondition with a relativity group
Measurements of the basi physial observables suh as position, time, energy
and momentum depend on the relative physial state in whih they are measured.
For ertain lasses of physial states, there is a relativity prinipal that denes a
universal group relating the states. Examples were given in the introdution: the
inhomogeneous Lorentz group, and its entral extension the Poinaré group for the
lass of inertial quantum states in speial relativisti quantum mehanis [1℄ and
the inhomogeneous Eulidean group and its entral extension the Galilei group for
the lass of inertial states in `nonrelativisti' quantum mehanis.
4
In quantum mehanis, the obervables of position, time, energy and momentum
are the Hermitian representations of the algebra orresponding to the unitary rep-
resentation of the Weyl-Heisenberg group H(n + 1) [5℄5 It is the real matrix Lie
group
H(n+ 1) ≃ T (n)⊗s T (n+ 1). (12)
where T (n) ≃ (Rn,+). That is, Rn onsidered to be a Lie group under addition.
The algebra has a basis {Zα} = {Pi, Qi, E, T } ∈ a(H(n + 1)), i, j, .. = 1, ..n, and
α, β, .. = 1, ..2n+ 2. The algebra has the familiar ommutation relations.
[Pi, Qj ] = δi,jI, [E, T ] = −I, (13)
The ation of the group on the quantum states is given by the projetive repre-
sentation π that is the unitary representation ̺ of the entral extension Gˇ. The
Weyl-Heisenberg is a speial ase of the algebrai extension of the translation group
3
If G ≃ Gˇ, the group does not have any intrinsi projetive representations and the projetive
representations are just the unitary representations.
4
`Nonrelativisti' means the approximation for veloities small relative to c. The `nonrela-
tivisti' has its own relativity group that is the Galilei group in the inertial ase.
5
This is also often alled the Heisenberg group. It was Weyl who is generally redited with
reognizing the ommutation relations was a Lie algebra and determining the group.
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T (2n+2). If Xα are the generators of the abelian algebra of the translation group,
then the entral extension is
[Xα, Xβ ] = Mα,β, [Xγ ,Mα,β] = 0, Mα,β = −Mβ,α (14)
The Weyl-Heisenberg group is the speial ase Mα,β = ζα,βI where ζα,β is the
skew symmetri sympleti metri (0). Now as disussed in Appendix A, the entral
extension of a group may be onstrained if it is the subgroup of a larger group.
We know that position, time, energy and momentum are orretly realized in the
quantummehanis by the unitary representation of the Weyl-Heisenberg group and
the assoiated Hermitian representation of its algebra and so must be onstrained
in this manner. Before turning to what this larger group is, we briey review this
familiar Hermitian representation.
The Makey theorems for semidiret produts (or the Stone von Neumann
6
the-
orem) may be used to ompute the unitary irreduible representations. The results
are well known. The representations are labelled by the eigenvalue of the single
Casimir I, ̺′(I)|ψ〉 = c|ψ〉. The physial ases is c = ~ for whih the Hilbert spae
is H ≃ L2(Rn+1,C). If we hoose a basis |q, t〉 that diagonalizes Qˆi and Tˆ ,
〈q, t | Qˆi |ψ
〉
= qiψ(q, t), 〈q, t | Tˆ |ψ
〉
= −tψ(q, t),
〈q, t | Pˆi |ψ
〉
= i~ ∂
∂qi
ψ(q, t), 〈q, t | Eˆ |ψ
〉
= i~ ∂
∂t
ψ(q, t),
〈q, t | Iˆ |ψ
〉
= ~ψ(q, t).
(15)
The representations satisfy the quantum ommutation relations
7
.[
Pˆi, Qˆj
]
= i~δi,j,
[
Eˆ, Tˆ
]
= −i~, (16)
Of ourse, one ould equally well hoose the momentum representation with basis
|p, t〉 that diagonalizes Pˆi and Tˆ [6℄, or for that matter, a basis |p, e〉 that diagonalizes
Pˆi, Eˆ or |q, e〉 that diagonalizes Qˆi, Eˆ.
We now return to the question of the larger group onstraining the algebrai
entral extension. A basi onsisteny ondition exists between the physial ob-
servables belonging to the algebra of the Weyl-Heisenberg group and the relativity
group that ats on them. We onsider the lass of linear relativity groups that
transform one state into another so that in both states, position, time, energy and
momentum are represented by the Hermitian representation of the Weyl-Heisenberg
algebra. Eah observers' spei measurements of position, time, energy and mo-
mentum may dier, due to ontrations and dilations of the relativity transfor-
mation. However, in any physial state that they are measured, they dene a
Weyl-Heisenberg algebra. Then, from (0), for g ∈ Gˇ, we have
̺(g)Zˆα |ψ〉 = ̺(g)Zˆα̺(g)
−1
̺(g) |ψ〉 = Zˆ ′α |ψ
′〉 , (17)
Therefore, as in (0-0), it follows that for a faithful representation
Zˆ ′α = ̺
′(Z ′α) = ̺(g)Zˆα̺(g)
−1
= ̺′(gZg−1). (18)
6
The Stone von Neumann theorem is spei to the Weyl-Heisenberg group whereas the Makey
theorems apply to a general lass of semidiret produt groups
7
The i is inserted in the exponential relating group and algebra so that the algebra is rep-
resented by Hermitian rather than anti-Hermitian operators and this results in its appearane in
the ommutation relations. See [12℄.
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and
Z ′α = gZg
−1, (19)
where we require that both Z ′α, Zα ∈ a(H(n + 1)). This means that g is an
element of the automorphism group of the Heisenberg algebra, AutH and therefore
the relativity group G must be a subgroup, G ⊂ AutH.
8
The automorphism group
is given in [7℄ and in Appendix A (0-0),
AutH ≃ A⊗s Z2 ⊗s HSp(2n+ 2), (20)
where
HSp(2n+ 2) ≃ Sp(2n+ 2)⊗s H(n+ 1). (21)
Therefore we have the result that, to be onsistent with quantum mehanis
in whih position, time, energy, and momentum are the Hermitian representation
of the Weyl-Heisenberg group, the relativity group must be a subgroup of the
automorphism group dened in (0-0).
This onsisteny may also be argued in the other diretion. Suppose the position,
time, energy and momentum degrees of freedom are desribed by the generators
{Zα} = {Pi, Qi, E, T } that span the algebra of T (2n + 2). This is the expeted
lassial desription where the extended phase spae is R2n+2. The generators
satisfy the ommutation relations [Zα, Zβ ] = 0 The quantum operators are the
projetive representations of the generators, π′(Zα), with Zα ∈ a(T (2n+2)). The
projetive representation is equivalent to the unitary representation of the entral
extension of the group, ̺′(Zα) with Xα ∈ a(Tˇ (2n+2)). Considered as a group by
itself, the algebrai extension of the translation group is given in (0).
Suppose that a relativity group G relates the position, time, energy and mo-
mentum Hermitian operators in dierent physial states. The translation gen-
erators may be onsidered to be a subgroup of the inhomogeneous group IG =
G ⊗s T (2n+ 2). The group ating on the quantum states is the Hermitian repre-
sentation of the algebra of the entral extension IGˇ. If we assume G ≃ Sp(2n+2)
then
IG ≃ ISp(2n+ 2) ≃ Sp(2n+ 2)⊗s T (2n+ 2). (22)
The entral extension of the inhomogeneous sympleti group is shown in Appendix
B (0-0) to be ISˇp(2n + 2) = HSp(2n + 2) dened in (0). The entral elements
for a entral extension of the translation group (0) have been onstrained by its
embedding in the inhomogeneous sympleti group to be Mα,β = ζα,βI.
Therefore, in this ase, the relativity group restrits the admissible entral exten-
sion of the translation group so that it is preisely the Weyl-Heisenberg group. This
turns out to be also true for ertain subgroups of the sympleti group Sp(2n+ 2)
that we shall turn to next. The system is quantized simply through the projetive
representation that is required beause physial states are represented by rays in
the Hilbert spae.
To summarize, onsisteny of the relativity group and quantum mehanis re-
quires that the relativity group is a subgroup of the group of automorphisms of the
8
If the observables are the Hermitian representation of the element of the algebra of another
group, then the same arguments hold and the relativity group must be a subgroup of the auto-
morphism group of that algebra.
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Weyl-Heisenberg algebra of the basi physial observables of position, time, energy
and momentum.
On the other hand, we an start by assuming a relativity group that is the
sympleti group, or ertain subgroups, and that physial states are represented by
rays in the Hilbert spae with the orresponding projetive representations of the
group. Then it diretly follows that the physial quantities of time, position, energy
and momentum, represented lassially by translation generators, are the Hermitian
representations of the Weyl-Heisenberg algebra in the quantum formulation. The
quantization is diretly a result of the states being rays in a Hilbert spae.
4. Hamilton Relativity Group: Invariane of time
Nonrelativisti quantum mehanis has the fundamental assumption that time
is an invariant for inertial and noninertial physial states. All observers' loks tik
at the same rate. Time, position, energy and momentum are represented by the
generators Zα ∈ a(H(n + 1)) where {Zα} = {Pi, Qi, E, T }. The requirement that
a relativity group G leave T invariant is, for all g ∈ G,
gTg−1 = T. (23)
This ondition, together with the requirements that the group is a subgroup of
AutH, requires that the g be elements of the group
HSp(n) ≃ Z2 ⊗s Sp(2n)⊗s H(n). (24)
This is established in Appendix A, (0,0) with the matrix realization of HSp(n)
given in (0).
This identity is also established in [2℄ and in that referene it is shown that the
dieomorphisms of the extended phase spae P≃R2n+2 into itself whose Jaobians
are elements of the group HSp(n) are Hamilton's equations. The Weyl-Heisenberg
subgroup of (0) is parameterized by the relative rate of hange of position vi,
momentum f i and energy r with time. That is veloity, fore and power. Power is
the entral element. The generators of veloity are Gi, fore Fi and power R.
9
A
general element of this H(n) algebra is
viGi + f
iFi + rR. (25)
The full lassial relativity group inluding the time, position, energy and momen-
tum generators is the group
IHSp(n) ≃ HSp(n)⊗s T (2n+ 2). (26)
For the ation on the quantum physial states, we must determine the unitary
representation of the entral extension. The most general relativity group that
has time as an invariant ating on a quantum theory is therefore given by the
unitary representations of IHˇSp(n). The method for omputing entral extensions
is reviewed in Appendix A. It an be shown that the algebrai entral extension
requires the addition of the entral element I that turns the translation group
T (2n + 2) in (0) into H(n + 1). Another of the entral elements is mass and the
third has the dimensions of reiproal tension as disussed in what follows.
A further simpliation is possible that makes the physial meaning learer by
requiring invariane of the length δi,jQiQj in the inertial rest frame. This eliminates
substantial mathematial omplexity assoiated with non-orthonormal frames and
9
Note that the units of these are 1/veloity, 1/fore and 1/power respetively
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enables the physial meaning to be more transparent. The inertial rest frame
ation of the group HSp(n) in (0) has the parameters vi = f i = r = 0 (see 0) and
so we need only onsider the sympleti subgroup. Thus for h ∈ Sp(2n)
δi,jQiQj = hδ
i,jQiQjh
−1. (27)
The required subgroup is O(n) ⊂ Sp(2n) (see [2℄ and Appendix A) and it
maps an orthonormal basis {Qi} into an orthonormal basis {Q˜i} This denes the
Hamilton group
Ha(n) = Z2 ⊗s O(n)⊗s H(n) ⊂ Sp(2n)⊗s H(n), (28)
that is the relativity group for transformations between frames in Hamilton's me-
hanis where the inertial rest position frames are orthonormal.
Again, the quantum theory requires us to onsider the entral extension of
IHa(n) ≃ Ha(n)⊗s T (2n+ 2). (29)
As we will show in the next setion, this entral extension is of the form
10
QHa(n) = IHˇa(n) ≃ Ha(n)⊗s (T (2)⊗H(n+ 1))
≃ (Z2 ⊗Z2)⊗s SO(n)⊗s H(n)⊗s (T (2)⊗H(n+ 1))
(30)
Again, the entral extension of the translation group in (0) is restrited by the
inhomogeneous Hamilton relativity group preisely so that it denes the Weyl-
Heisenberg subgroup required for the quantum realization of position, time, energy
and momentum as the Hermitian realization of Heisenberg generators. We will show
in the following setion that it has 3 algebrai entral generators. Like the Galilei
group, it has a nontrivial algebrai entral extension that is the mass generator M
and furthermore has a seond entral element A that has the physial dimensions
that are the reiproal of tension (length/fore) in addition to the entral element
I that appears in the H(n+ 1) subgroup . M and A are generators of the algebra
of the T (2) translation subgroup that appears in (0).
5. Central Extension of the inhomogeneous Hamilton algebra
The homogeneous and inhomogeneous Hamilton and Eulidean groups as well
as the Weyl-Heisenberg group are real matrix Lie groups. The matrix realization
of these groups is given in Appendix A. The Lie algebras an therefore be diretly
omputed from these matrix realizations. The resulting nonzero ommutation re-
lations of the algebra of Ha(n) are
[Ji,j , Jk,l] = Jj,kδi,l + Ji,lδj,k − Ji,kδj,l − Jj,lδi,k,
[Ji,j , Gk] = Gjδi,k −Giδj,k,
[Ji,j , Fk] = Fiδj,k − Fjδi,k,
[Gi, Fk] = Rδi,k.
(31)
The inhomogeneous Hamilton group IHa(n) requires the additional nonzero om-
mutation relations:
[Ji,j , Qk] = −Qjδi,k +Qiδj,k, [Ji,j , Pk] = −Pjδi,k + Piδj,k,
[Gi, Qk] = δi,kT, [Fi, Pk] = δi,kT,
[E,Gi] = −Pi, [E,Fi] = Qi,
[E,R] = 2T.
(32)
10Z2 ⊗ Z2 is the 4 element parity, time reversal disrete group
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That T is a entral element as expeted is lear from the struture of the om-
mutation relations. All physial states related by group transformations generated
by this algebra leave T invariant. All these states have the same denition of time.
A general element of the algebra is
Z = αi,jJi,j + v
iGi + f
iFi + rR + q
iPi + tE + p
iQi + eT. (33)
The αi,j are the n(n−1)2 rotation angles, v
i
veloity, f i fore, r power, qi position,
t time, pi momentum and e energy. Correspondingly the generators have the
dimensions suh that Z is dimensionless.
5.1. Galilei group. Before ontinuing with the Hamilton group, we briey re-
view the inertial speial ase of the Hamilton group that is the familiar Eulidean
group of Galilean relativity [2℄. The Galilei group is the entral extension of the
inhomogeneous Eulidean group IE(n)
IE(n) ≃ E(n)⊗s T (n+ 1) = SO(n) ⊗s T (n)⊗s T (n+ 1). (34)
The algebra of IE(n) ⊂ IHa(n) is spanned by the generators {Ji,j , Gi, Pi, E} that
are a subset of the full set of generators in (0,0)
[Ji,j , Jk,l] = Jj,kδi,l + Ji,lδj,k − Ji,kδj,l − Jj,lδi,k,
[Ji,j , Gk] = Gjδi,k −Giδj,k,
[Ji,j , Pk] = −Pjδi,k + Piδj,k,
[E,Gi] = −Pi.
(35)
The entral extension Ga(n) ≃ IEˇ(n) may be diretly omputed using the
method in Appendix A. It is well known the algebrai entral extension is the
single generator M with the assoiated additional nonzero ommutation relation
[Gi, Pk] = δi,kM. (36)
Note thatM has the dimensions of mass and has a onsistent physial interpretation
as mass. The Galilei group may be written as
Ga(n) =
(
T (1)⊗ SO(n)
)
⊗s H(n). (37)
where E is the generator of the algebra of the T (1) group, Ji,j are the generators of
the algebra of SO(n) and {Gi, P i,M} generate the Weyl-Heisenberg group H(n)
withM the entral element. Of ourse, in the physial ase n = 3, SO(3) = SU(2).
5.2. Central extension of the inhomogeneous Hamilton group. Returning
to the entral extension IHˇa(n) of the Hamilton group, diret symboli Lie algebra
omputation using Mathematia with the method desribed in Appendix A results
in the addition of the entral elements
[Pi, Qk] = δi,kI, [E, T ] = −I, [Gi, Pk] = δi,kM, [Fi, Qk] = δi,kA, (38)
to the Hamilton algebra dened in (0,0). The three new entral elements {M,A, I},
(Ne = 3), result in the following terms being added to a general element of the
algebra given in (0)
Z = αi,jJi,j+v
iGi+f
iFi+rR+q
iPi+tE+p
iQi+eT+aA+mM+ιI. (39)
The entral extension ondition for M in (0) is idential to the mass entral
extension in the Galilei group (0) and is preisely the ondition for Ga(n) to be the
inertial subgroup of QHa(n). The entral extension I, with dimensions of ation, is
preisely the ondition for the unitary representation to yield the usual Heisenberg
HAMILTON RELATIVITY IN QUANTUM MECHANICS 9
ommutation relations. The nal extension A is new and has the dimensions
that is the reiproal of tension, length/fore. Therefore the parameter a has
dimensions of tension, m of reiproal mass and ι of reiproal ation.
6. Casimir invariants
Casimir invariant operators Cα, α = 1, ..Nc are polynomials in the enveloping
algebra that ommute with all the generators of the algebra of the group in question
[Cα, ZA] = 0. ZA ∈ a(G), A = 1, ...Ng and Ng is the dimension of G. α = 1, ..Nc
where Nc is the number of Casimir invariants. The eigenvalues να of the Hermitian
representations of the Casimir invariants Cˆα|ψ〉 = να|ψ〉, να ∈ R are invariants
for all physial states related by the relativity group G. These invariants typially
label irreduible unitary representations (but not always ompletely) and represent
fundamental physial quantities. For example, in both the Galilei and the Poinaré
relativity group, mass and spin are the eigenvalues of the representations of the
orresponding Casimir invariants.
The number Nc of Casimir invariants may be omputed diretly from a theorem
that states that it is Nc = Ng −Nr. Nr is the rank of the Ng ×Ng matrix z
AcCA,B
that is the adjoint representation of the algebra [ZA, ZB] = c
C
A,BZC [8℄. A general
element of the algebra is Z = zAZA. The Casimirs an be found by onstruting a
general element pl(ZA) of the enveloping algebra up to a give order of polynomial
in the generators with general oeients. Setting [pl(ZA), ZA] = 0 reates a linear
set of equations in the oeients that an be solved to determine the Casimir
invariant operators. A entral element is a polynomial or order 1 and so the rst
Ne Casimir invariants are the entral elements. This is a oneptually a simple
alulation but is best arried out using a symboli omputation pakage written
in Mathematia [9℄ as the number of braket omputations and the linear equations
is large for the algebras in question.
The results for the dimensions are given in the following table. Of ourse, while
Ng may be determined for general n and Ne is independent of n, the Nc must be
omputed from the rank of the symboli matrix on a ase by ase basis. For the
remainder of this setion we will restrit our attention to n ≤ 3.
Ng Ne Nc(n = 1) Nc(n = 2) Nc(n = 3)
Ga(n) : 12
(
n2 + 3n+ 4
)
1 2 3 3
IHˇa(n) : 12
(
n2 + 7n+ 12
)
3 4 5 5
(40)
Before onsidering the groupQHa(n) = IHˇa(n) we briey review the well known
results from the Galilei group, Ga(n) ≃ IEˇ(n). For n ≤ 3, there are 3 Casimir
invariants, one of whih is the entral element M ,
C1 = M, C2 = 2ME − PiPi,
C3 = M
2Si,jSi,j , Si,j = Ji,j −
1
M
(GjPi −GiPj) .
(41)
Note that C3 is identially zero for n = 1. From (0), it follows that these are
the omplete set of Casimir invariants for Ga(n) for n ≤ 3. For learer physial
insight, note that the Casimir invariants C2 and C3 an be written as the energy
and spin of an inertial (free) partile
E − E◦ =
1
2M
PiPi , S
2 = Si,jSi,j where E
◦ =
1
2M
C2. (42)
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The Casimir invariants of QHa(n) may be diretly omputed using the same
method. For n ≤ 3, there are 5 Casimir invariants, 3 of whih are the entral
elements I,M,A,
C1 = I, C2 =M,C3 = A,
C4 = TT − IR,
C5 = C
2Bi,jBi,j ,
(43)
where
C = C2C3 + C4 = −AM + T
2 − IR,
Bi,j = Ji,j +
1
C
Di,j.
(44)
C is a Casimir invariant as any polynomial ombinations of a Casimir is a Casimir
and the Di,j are given by
Di,j = AD
1
i,j +MD
2
i,j +RD
3
i,j + ID
4
i,j + T
(
D5i,j +D
6
i,j
)
, (45)
where
D1i,j = GjPi −GiPj , D
2
i,j = FjQi − FiQj,
D3i,j = PiQj − PjQi, D
4
i,j = FiGj − FjGi,
D5i,j = FiPj − FjPi, D
6
i,j = GiQj −GjQi.
(46)
Bi,j vanishes for n = 1. It is a straightforward omputation using the Lie algebra
relations (0,0,0) to verify that these are invariant. From (0), it follows that these
are the omplete set of Casimir invariants for QHa(n) for n ≤ 3. Note that Bi,j
may also be written as Bi,j = Si,j +
1
C
D˜i,j where Si,j is the Galilean spin dened
in (0) and as
1
M
+ A
C
= C4
MC
D˜i,j =
C4
M
D1i,j +MD
2
i,j +RD
3
i,j + ID
4
i,j + T
(
D5i,j +D
6
i,j
)
(47)
The eigenvalues of the Casimirs in the unitary representation usually label ir-
reduible representations. In a representation where the eigenvalue of C goes to
zero, the Di,j term will be negligible and the spin redues to the usual Galilean
spin lim
C→ 0
Bi,j = Si,j . A suient ondition for this is C3 = A → 0 and C4 → 0.
As A = 0 means that the tension 1/A is innite.
7. Disussion
Physial states in quantum mehanis are represented by rays in a Hilbert spae.
Quantum mehanis realizes position, time, momentum and energy as the Her-
mitian representation of the generators Zˆα of the algebra of the Weyl-Heisenberg
group. These generators ating on a state, Zˆα|ψ〉, are transformed by the unitary
representations of a relativity group to dene generators ating on the transformed
state,
ˆ˜Zα ˜|ψ〉. In order for the transformed generators to also be generators of the
Weyl-Heisenberg group, the relativity group must be a subgroup of the group of au-
tomorphisms of the Weyl-Heisenberg algebra. If the relativity group does not have
this property, then the position, time, momentum and energy degrees of freedom
would not satisfy the Heisenberg ommutation relations in the transformed state,
as given in (0). This provides a basi onsisteny ondition between the relativity
group and the Weyl-Heisenberg group of quantum mehanis.
Folland has proven that the automorphism group of the Weyl-Heisenberg algebra
(and group) is the group HSp(2n+ 2) together with a onformal saling group A
and a two element disrete group Z2 that reverses the sign of time and energy.
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The Weyl-Heisenberg subgroup of HSp(2n+2) are the inner automorphisms. The
onstraint on the ontinuous homogeneous relativity group is that it is a subgroup
of the sympleti subgroup and onformal saling group. This shows the very deep
onnetion between the Weyl-Heisenberg group and the sympleti struture. The
sympleti struture does not need to be postulated a priori but is simply required
by this onsisteny with quantum mehanis.
Invariane of lassial time results in the HSp(2n) homogeneous relativity group
that is a subgroup of Sp(2n+ 2). We have previously shown that the requirement
that Jaobians of dieomorphisms of lassial extended phase spae into itself be
elements of this group are Hamilton's equations. While this is the most general
group, a onsiderable amount of the mathematial generality of this group is to
aommodate frames that are not orthonormal in the inertial rest frame. Requiring
invariane of length in the inertial rest frame redues this group to the physial
Hamilton group Ha(n) [2℄.
The entral generators of mass, fundamental to lassial mehanis, and the I
required to give the Heisenberg ommutation relations in the representation appear
automatially as a result of the projetive representations that are required beause
the physial quantum states are rays in a Hilbert spae.
Projetive representations of this group at on quantum states that are generally
noninertial. Here we get our rst surprise. In the quantum realization, time is not
an invariant. Rather, taking the representation of (0) we obtain an expression of
the form ating on a quantum state
T 2 |ψ〉 =
(
τ2 + ~R
)
|ψ〉 , (48)
where τ2 is the eigenvalue of the Casimir C4.
The next interesting fat is that there is no Casimir operator (suh as C2 for
the Galilei group) that involves the energy generator. However, when one realls
from basi lassial mehanis that noninertial frames do not onserve energy, this
is not so surprising and to be expeted. What is surprising is that there is a
natural generalization of spin that is invariant in all noninertial physial states. All
observers, inertial and noninertial, alulate the same values for the eigenvalues of
the Casimir C5 that may be expressed as Galilei spin with additional terms (0,0).
This provides a possibility of testing this theory by studying spin in noninertial
states in `nonrelativisti' quantum mehanis.
Finally, an even more surprising result is the appearane of a new entral gen-
erator A. The parameter a for the term aA in the general term for the algebra
(0) has the dimensions of tension. This generator shows up in the algebra in as
fundamental a manner as the mass and I generator. Both of those are rather basi
to physis and so a ritial test of these ideas is a further physial understanding
of A. Note A is reiproally dual to M in the sense of Born [10℄. This reiproal
symmetry underlies the material presented.
As noted, the eigenvalues of the Hermitian representations of the Casimir in-
variants for the unitary representations of the group typially label the irreduible
representations. There will probably be a lass of irreduible representations with
states where Aˆ|ψ〉 = 0. In these states tension is innite. Tension seems to play a
basi role in string theory and so it is intriguing that a tension term shows up here.
The unitary representations of the group QHa(n), and many of the other groups
in this paper, have a rih semidiret produt struture. The methods of Makey for
determining the unitary representations of semidiret produt groups an be used
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to determine the representations [11℄. This will be undertaken in a subsequent
paper to omplete the quantum desription of this relativity group.
The same methods may be generalized to relativity groups with other invariants.
For example, instead of the invariant T , we ould have the Minkowski invariant
T 2 − 1
c2
Q2 appropriate for speial relativity or the Born line element T 2 − 1
c2
Q2 −
1
b2
P 2+ 1
c2b2
E2 appropriate for reiproal relativity [12℄.11 In partiular, one would
onjeture a generalization of the standard spin in relativisti quantum mehanis
that involves additional terms similar to what has been shown here in the lassial
ontext required for noninertial frames to provide a ritial test.
I would like to thank Peter Jarvis for many disussions that have laried the
ideas presented here.
Appendix A. Central Extensions
The entral extension Gˇ of a group G is dened by the short exat sequene
1→ A→ Gˇ → G → 1
where A is an abelian group in the enter of Gˇ that is the extension. This indues
a entral extension for the algebra of Gˇ orresponding to the algebra of A. The set
of isomorphism lasses of the entral extension of G by A is in one to one orre-
spondene with the seond ohomology group H2(G,A). The methods of algebrai
topology that may be used to determine this ohomology group are desribed in
[13℄.
Alternatively, a entral extension Gˇ is the universal over of the group whose
algebra is the entral extension of the algebra of G. The entral extension of the
algebra is expliitly onstruted as the most general entral extension satisfying the
Jaobi identities for the algebra as desribed in [1℄. A nontrivial rst homotopy
group for the group G results in the topologial extension that is the rst homotopy
group in the onstrution of the universal over. We refer to the extension of the
algebra as the algebrai extension and the over as the topologial extension. This
indiretly results in the ohomology group H2(G,A) due to the equivalene noted.
This method of determining the algebrai extension is tratable by reating a set
of general Lie algebra evaluation rules in Mathematia [9℄
Consider a general Lie algebra with basis Zα ∈ a(G), α, β, .. = 1, ..Ng, with Ng
the dimension of the group and algebra, satisfying ommutation relations
[Zα, Zβ ] = c
γ
α,βZγ . (49)
A general element of the algebra is Z = zαZα with z
α ∈ R. The entral extension
of the algebra is dened by the maximal addition of entral elements Mα,β to the
algebra that are onsistent with the Jaobi identities. First, onstrut the maximal
set of andidate extensions as
[Zα, Zβ ] = c
γ
α,βZγ +Mα,β, [Zγ ,Mα,β] = 0. (50)
The problem of determining the entral extension is to nd the most general set
of Mα,β for whih the Jaobi identities for the set of generators are satised
[Zα, [Zβ , Zγ ]] + [Zβ, [Zγ ] , Zα]] = [Zγ , [Zα, Zβ]] = 0, (51)
11
We note that QHa(n) is the b, c→∞ limit of the quapleti group that appears in reiproal
relativity.
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Clearly the ombination Mα,β = c
γ
α,βMγ is always a solution onstituting to trans-
lating eah generator by a orresponding entral element, Zˇα = Zα +Mα. These
are disarded as trivial. The remaining solutions dene the entral extension.
Consider a Lie group G with a andidate entral extension of its algebra given by
(0). The number of Jaobi identities an be dramatially redued by examining the
properties of the entral extensions for subsets of the generators {Za} that dene
subalgebras. A neessary ondition that the full algebra admit a entral extension
is that the subalgebra also admit the extension. If the subalgebra does not have
an extension, we an immediately set the orresponding set of andidate entral
elements to zero {Ma,b = 0}. The embedding in the larger group in these ases
bloks the extension from being an extension of the full group.
It is well known that the following groups do not have an algebrai entral
extension: O(n), O(1, n), Sp(2n), E(n), E(1, n). (See for example [1℄ for a detailed
analysis of E(1, n).) E(n) = SO(n)⊗s T (n) provides an immediate example where
the subgroup T (n) has a entral extension that is bloked by the fat that it is a
subgroup of the semidiret produt with SO(n) as the homogeneous group.
The algebrai entral extension of the inhomogeneous sympleti group may be
alulated in the same manner. Suppose {Wa,b, Ya} are the generators of the algebra
of the inhomogeneous sympleti group, ISp(2n+2) ≃ Sp(2n+2)⊗s T (2n). The
nonzero ommutation relations are
[Wα,β ,Wκ,δ] = ζβ,κWα,δ + ζα,κWβ,δ + ζβ,δWα,κ + ζα,δWβ,κ (52)
[Wα,β , Yκ] = ζβ,κYκ + ζα,κYκ (53)
where α, β, .. = 1, ...2n + 2. Immediately MW,Wα,β,κ,δ = 0 as Sp(2n + 2) does not
admit a entral extension. It is then simply a matter of introduing the andidate
extensions {MY,Yα,β ,M
W,Y
α,β,κ} = {Mα,β,Mα,β,κ} and heking the Jaobi relations
when they are added to the above generators and the impliit relation
[Yα, Yβ ] = Mα,β (54)
The essential Jaobi relations from (0) are
{Yα,Wκ,δ,Wγ,ǫ} = ζǫ,κMγ,δ,α + ζα,κMγ,ǫ,δ + ζα,δMγ,ǫ,κ
−ζδ,ǫMγ,κ,α + ζγ,κMδ,ǫ,α − ζα,ǫMδ,κ,γ − ζα,γMδ,κ,ǫ + ζγ,δMǫ,κ,α
{Yα, Yκ,Wγ,ǫ} = −Mκ,ǫζα,γ −Mκ,γζα,ǫ −Mα,ǫζγ,κ −Mα,γζǫ,κ
(55)
It an be veried that Mγ,δ,α only has trivial solutions where-as Mα,β = ζα,βI
where I is a entral element is a nontrivial solution. Thus, the algebrai entral
extension is the group HSp(n) ≃ Sp(2n)⊗s H(n) as laimed.
As another example, this method an be immediately used to redue the num-
ber of entral generators that need to be heked with the Jaobi onditions for
the Galilei group. Here the andidate entral elements (with supersripts labeling
the ommutators to whih they apply) are {MJ,Ji,j,k,l, M
J,G
i,j,k, M
J,P
i,j,k, M
J,E
i,j , M
G,E
i ,
MP,Ei , M
G,P
i,j }. As {Ji,j, Gi} and {Ji,j , Pi} are the generators of Eulidean sub-
algebras, we an immediately set MJ,Ji,j,k,l = 0, M
J,G
i,j,k = 0, M
J,P
i,j,k = 0 signiantly
reduing the number of Jaobi identities that need to be alulated.
The same is true of the inhomogeneous Hamilton group where the relations
{MJ,Fi,j,k, M
J,Q
i,j,k} may also be set to zero as they are the generators of Eulidean
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subalgebras. The remainder need to be heked diretly through the Jaobi iden-
tities that is best undertaken using the symboli omputation apabilities of Math-
ematia.
Appendix B. Matrix realizations of the groups
The homogeneous and inhomogeneous Hamilton and Eulidean groups and the
Weyl-Heisenberg groups may be realized as matrix groups that are subgroups of
GL(2n + 2,R). Elements of this group are nonsingular (2n + 2) × (2n + 2) real
matries.
The group element Γ◦(ǫ, A,w, ι) ∈ HSp(2n) and Hamilton groupΦ◦(ǫ, R, v, f, ι) ∈
Ha(n) are matrix subgroups of GL(2n+ 2,R) [14, 2℄ with the form
Γ◦ =

 A 0 w−t wζ◦A ǫ r
0 0 ǫ

 , Φ◦ =


R 0 0 f
0 R 0 v
tvR −tfR ǫ r
0 0 0 ǫ

 , (56)
where r ∈ R, ǫ = ±1 and w ∈ R2n, , ǫ = ±1, A ∈ Sp(2n) realized by 2n × 2n
matries in Γ◦ and f, v ∈ Rn, R ∈ O(n) realized by n × n matries in Φ◦. The
sympleti metri is
ζ◦ =
(
0 In
−In 0
)
, (57)
In isthen× nunitmatrix. The subgroup hain
H(n) ⊂ Ha(n) ⊂ HSp(2n) ⊂ GL(2n+ 2,R), (58)
leads to the identiations of w = (f, v) and also note that O(n) ⊂ Sp(2n).
Elements of the Weyl-Heisenberg group are given by eitherΥ(w, ι) = Γ◦(1, I2n, w, ι)
or Υ(v, f, ι) = Φ◦(1, In, v, f, ι). The group multipliation, inverses and automor-
phisms may be omputed simply through matrix multipliation and inverse. The
basis of the Lie algebra is give by dierentiating the matries by the parameters
and evaluating at the identity. The Lie algebra struture relations are omputed
diretly by matrix multipliation to establish the abstrat relations in (0).
Likewise, for the inhomogeneous group, we have the inlusion hain.
IE(n) ⊂ IHa(n) ⊂ IHSp(2n+2) ⊂ IGL(2n+2,R) ⊂ GL(2n+3,R). (59)
The orrespondingmatrix representations of the inhomogeneous groups Γ(ǫ, A,w, r, z, e, ι) ∈
IHSp(2n+ 2) and Φ(ǫ, R, v, f, r, q, p, e, t) ∈ IHa(n) are
Γ =


A 0 w z
−twζ◦A ǫ r e
0 0 ǫ t
0 0 0 1

 , Φ =


R 0 0 f p
0 R 0 v q
tvR −tfR ǫ r e
0 0 0 ǫ t
0 0 0 0 1

 . (60)
In these expressions z ∈ R2n, p, q ∈ Rn and there is the identiation z = (p, q).
Elements of the form Φ(ǫ, R, v, 0, 0, p, 0, e, 0) dene an inhomogeneous Eulidean
subgroup IE(n), the entral extension of whih is the Galilei group.
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Finally HSp(n) ≃ Sp(2n+ 2)⊗s H(n) is a matrix subgroup of GL(2n+ 4,R).
Φ(ǫ, A,w, ι, z, e, t) =


A 0 w 0 z
−twζ◦A ǫ ι 0 e
0 0 ǫ 0 t
−tzζ◦A −t e 1 ι
0 0 0 0 1

 . (61)
The entral extension of a matrix group is not neessarily a matrix group [15℄. It
is not been established whether the extensions HˇSp(n) and QHa(n) are matrix
groups.
B.1. Automorphisms of the Weyl-Heisenberg Group. AutH that is given
by (0) is proven by Folland. (See page 20 of [7℄ We provide here the matrix repre-
sentation and group omposition law and expliitly ompute the automorphisms.
Using the denition Υ(w, ι) = Γ(I2n, w, ι) and (0) the Weyl-Heisenberg group H(n)
omposition law is the expeted
Υ(w′, ι′)·Υ(w, ι) = Υ(w+w′, ι+ι′+w′·ζ◦·w), Υ(w, ι)
−1
= Υ(−w,−ι). (62)
Elements of the linear automorphism group AutH may be represented by (2n+
2)× (2n+2) matries Ω that satisfy ΩΥ(w′, ι′)Ω−1 = Υ(w′′, ι′′) where Υ(w, ι) are
realized by (2n+ 2)× (2n+ 2) matries (0). Diret omputation then shows that
the most general element with this property is
Ω(ǫ, a, A,w, r) =

 aA 0 w−twζ◦A ǫa2 r
0 0 ǫ

 , (63)
where A ∈ Sp(2n), w ∈ R2n, a, r ∈ R, ǫ = ±1 and ζ◦ is the sympleti metri
dened in (0). The group multipliation and inverse are
Ω(ǫ′′, a′′, A′′, w′′, r′′) = Ω(ǫ, a, A,w, r)Ω(ǫ′, a′, A′, w′, r′)
= Ω(ǫǫ′, aa′, AA′, ǫ′w + aAw′, ǫ′r + ǫa2r′−twζ◦Aw′)
Ω(ǫ, a, A,w, r)
−1
= Ω(ǫ, a−1, a−1A−1,−ǫa−1A−1w,−a−2r)
(64)
It follows diretly that the automorphisms are
Υ(w′′, r′′) = Ω(ǫ′, a′, A′, w′, r′)Υ(w, r)Ω(ǫ′, a′, A′, w′, r′)
−1
= Υ(ǫ′a′A′w, a2r − ǫ′
t
w′ · ζ · A′ · w + a′t (A′w) ζw′)
(65)
The entral extension of the automorphism group of the Weyl-Heisenberg group is
AˇutH ≃ AutH = (A⊗Z2)⊗s HSp(2n+ 2) (66)
where HSp(2n + 2) ≃ Sp(2n + 2) ⊗s H(n + 1). Folland also shows that the
automorphism group for the Weyl-Heisenberg algebra and group are the same [7℄.
Note that the entral generator I of the algebra of H(n+1) is also a entral element
of AˇutH.
B.2. Invariane of Time. The subgroup G of the homogeneous subgroup ofAutH,
g ∈ G ⊂ A ⊗s Z2 ⊗s Sp(2n + 2), suh that gTg
−1 = T is established diretly
through a matrix realization of the sympleti group and Weyl-Heisenberg algebra.
First note that a matrix S ∈ Sp(2n + 2) leaves invariant the sympleti metri
SζtS = ζ. The matrix for ζ and the matrix representation for the Lie algebra
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generator T are realized as (2n + 2) × (2n + 2) matries as follows in the basis
ordering {Zα} = {Pi, Qi, E, T }
ζ =

 ζ
◦ 0 0
0 0 −1
0 1 0

 , T =

 0 0 00 0 1
0 0 0

 . (67)
ζ◦ is dened in (0).12 Using S−1 = −ζtSζ , a general matrix element S and S−1
of Sp(2n+ 2) have the form [16℄
S =

 B b1 b2c1 d1,1 d1,2
c2 d2,1 d2,2

 , S−1 =

 B
−1 −ζ◦tc2 ζ
◦tc1
tb2ζ
◦ d2,2 −d1,2
−t b1ζ
◦ −d2,1 d1,1


−1
.
(68)
B is a 2n × 2n matrix, bα, cα ∈ R
2n
and dα,β ∈ R, α, β = 1, 2. Imposing the
ondition T = STS−1 through matrix multipliation results in b1 = 0, d2,1 = 0
and d1,1 = ǫ, ǫ = ±1. Finally, imposing the ondition SS
−1 = I2n+2 results in
c2 = 0, d2,2 = ǫ and c1 = −ǫ
tb2ζ
◦A. Therefore, elements of Sp(2n+ 2) that leave
T invariant have the form Γ◦ ∈ HSp(n) are given above in (0). Similar arguments
result in the invariane of
tQiQi to redue the form further to Φ
◦ ∈ Ha(n).
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